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Abstract
We show that every bounded linear operator on a separable, infinite-dimensional Hilbert space H
is the sum of two operators in the norm-closure of the set of operators on H that are chaotic in the
sense of Devaney. We also observe that the density of several classes of cyclic operators, with respect
to the strong operator topology, may be derived from a result by Hadwin et al. (Proc Amer. Math.
Soc. 76 (1979) 250–252).
 2003 Elsevier Inc. All rights reserved.
The norm closure of the class of hypercyclic operators (cf. Definition 3) acting on a
(separable, infinite-dimensional) Hilbert space was characterized by Herrero [13, Theo-
rem 2.1] in terms of the Weyl spectrum, normal eigenvalues and the Fredholm index.
Wu [22] proved that this class—and in fact, the larger one of cyclic operators—forms a
nowhere dense set in the operator algebra. More recently, Chan [4] showed that the hyper-
cyclic operators have a norm-dense linear span. Moreover, he showed that they are dense
with respect to the strong operator topology (abbreviated, SOT). This result implied the
SOT density of the chaotic operators in the sense of Devaney (cf. Definition 4), as these are
norm dense in the class of hypercyclic operators [14, Proposition 4]. The SOT-denseness
of the chaotic operators cannot be obtained beyond the Hilbert space setting in general,
because there exist certain Banach spaces (those with so-called hereditarily indecompos-
able dual space) that do not support even a single chaotic operator (see [2]). On the other
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J. Bès, K.C. Chan / J. Math. Anal. Appl. 284 (2003) 206–212 207hand, the hypercyclic operators on any (separable, infinite-dimensional) Fréchet space are
SOT-dense [1, Theorem 2].
The purpose of this note is to show that every operator on a separable infinite-
dimensional Hilbert space is the sum of two operators in the norm closure of the chaotic
operators (Theorem 9). We also observe in Corollary 6 that the SOT-density results men-
tioned above—as well as many others—may be concluded from the following result on
Hadwin, Nordgren, Radjavi, and Rosenthal.
Theorem 1 [11]. Let X be an infinite-dimensional locally convex space, and let T in L(X)
be fixed. The following statements are equivalent:
(a) The set of conjugates {S−1T S: S invertible} is dense in L(X) with respect to the strong
operator topology (SOT );
(b) For all n 1, there exist h1, . . . , hn in X so that {h1, . . . , hn, T h1, . . . , T hn} is linearly
independent;
(c) For all scalars λ, rank(T − λ)=∞.
Note. The original result of Hadwin et al. [11, Theorems 1 and 2] was stated for the case in
which X is a Banach space. Their proof, however, extends naturally to the locally convex
case, using the fact that every finite-dimensional subspace of a locally convex space is
(topologically) complemented. We do not know what happens in the non-locally convex
case.
Problem 2. Does Theorem 1 hold when X is non-locally convex?
Before stating Corollary 6, we introduce some definitions. In what follows, X denotes a
locally convex topological vector space over the real or complex scalar field K, and L(X)
the algebra of continuous linear operators on X.
Definition 3. An operator T in L(X) is said to be (i) cyclic, (ii) supercyclic, or (iii) hyper-
cyclic, provided there exists a vector f in X so that the set
(i) span{T nf : n 0},
(ii) {λT nf : n 0 and λ ∈K}, or
(iii) {T nf : n 0}
is dense in X, respectively. The vector f satisfying (i), (ii), or (iii) is said to be cyclic,
supercyclic, or hypercyclic for T , respectively. Also, we refer by a hypercyclic subspace
(for T ) to any closed, infinite-dimensional linear subspace consisting entirely, except for
the zero vector, of hypercyclic vectors (for T ).
Following [8, Section 6], the next definition describes the linear operators that are
chaotic in Devaney’s sense.
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has a dense set of periodic points. A vector f in X is a periodic point for T if T nf = f
for some positive integer n.
The following definition involves sufficient conditions for an operator to be hypercyclic.
These were determined by Kitai [15] and independently by Gethner and Shapiro [7]. It
is not known whether all hypercyclic operators must satisfy these conditions [10, Prob-
lem 3]. We note that there are many equivalent versions of this criterion appearing in the
literature [18].
Definition 5. We say that an operator T in L(X) satisfies the Hypercyclicity Criterion,
provided there exists a dense subset X0 of X, an increasing sequence of positive integers
(nk)k and a (possibly non-linear and possibly not continuous) mapping S :X0 → X0 so
that
T nk , Snk , and T nkSnk − I
converge pointwise to 0 on X0 as k→∞.
Finally, we recall that an operator T acting on a locally convex space X is said to be
compact provided it maps a 0-neighborhood of X into a compact subset of X. We state
now how Theorem 1 gives the SOT density results mentioned in the introduction and many
others, in a unified way.
Corollary 6. Let X be a locally convex space, and let L(X) denote the algebra of all
continuous linear operators on X. Then
(1) The class of chaotic operators with (respectively, without) a hypercyclic subspace is
either empty or SOT-dense in L(X).
(2) The class of operators with no closed, non-trivial invariant subspaces (respectively,
subsets) is either empty or SOT-dense in L(X). In particular, the class of operators on
1 that have no non-trivial, closed invariant subsets is SOT-dense in L(1).
(3) Suppose X is a separable infinite-dimensional Fréchet space that is not isomorphic
to KN, the countable product of lines endowed with the product topology. The follow-
ing classes are SOT-dense in L(X):
(i) The class of operators satisfying the Hypercyclicity Criterion;
(ii) Each of the classes of operators that are (a) cyclic, but not supercyclic, (b) super-
cyclic, but not hypercyclic, and (c) hypercyclic, but not chaotic;
(iii) The class of hypercyclic compact perturbations of the identity.
(4) The class of operators on 2 that are weakly hypercyclic but not hypercyclic (re-
spectively, that are weakly supercyclic but not supercyclic) is SOT dense in L(2).
An operator on 2 is said to be weakly hypercyclic (respectively, weakly super-
cyclic) provided there is some x in 2 for which the set {T nx: n  0} (respectively,
{λT nx: n 0, λ ∈K}) is dense with respect to the weak topology of 2.
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is of finite rank, and it is simple to see that a perturbation of the identity by a finite rank
operator cannot even be cyclic. On the other hand, classes in (3.i), (3.ii.a), and (3.ii.b) are
non-empty, and hence SOT-dense. The unweighted unilateral backward and forward shifts
belong to classes (3.i) and (3.ii.a), respectively, see [3, p. 588]. The following example
in class (3.ii.b) was provided to us by the referee and by Peris independently: Consider
T : (x1, x2, x3, . . .) 	→ (x1, x3, x4, . . .). If (y1, y2, y3, . . .) is any hypercyclic vector for the
unweighted unilateral backward shift on X, then one may verify that (1, y1, y2, . . .) is a
supercyclic vector for T . But T cannot be hypercyclic, because T n(x1, . . .)= (x1, . . .) for
all n ∈N.
We do not know what happens with class (3.ii.c).
Problem 8. EndowKN with the product topology. Does KN support a hypercyclic operator
that is not chaotic?
Proof of Corollary 6. Notice that condition (b) in Theorem 1 is satisfied by any operator
T that has a linearly independent orbit, and that each of the classes of operators considered
in the corollary is invariant under conjugation. Hence (1) and the first statement of (2)
follow, and for the remaining conclusions it suffices to verify that each class is non-empty.
To complete (2), we recall Read’s operator on 1 without invariant subsets [19]. We verify
now that each of the classes in (3) is non-empty. By [3, Lemma 2], there exist sequences
(xn)n in X and (fn)n in the dual space X′ of X, satisfying
(i) (xn)n converges to 0 in X and span{xn: n 1} is dense in X;
(ii) (fn)n is X-equicontinuous in X′;
(iii) 〈xm,fn〉 = 0 for n =m and (〈xn,fn〉)n ⊆ (0,1).
Consider T1(x) :=∑n1 2−n〈x,fn〉xn+1, T2(x) :=
∑
n1 2−n〈x,fn+1〉xn x ∈X, and the
Bonet–Peris [3] operator T3 = I +T2. Notice that the operator J : (αi) ∈ 1 	→∑αixi ∈X
is continuous and of dense range, and that the diagram
X
Ti
X
1
J
Si
1
J
commutes (i = 1,2,3), where S1(y1, y2, . . .) = (0, y1/2, y2/22, . . .), S2(y1, y2, . . .) =
(y2/2, y3/22, . . .), and S3 = I + S2. The operator T3 belongs to classes (3.i), (3.ii.c), and
(3.iii). It was shown in [3, Theorem 1] that it is a hypercyclic compact perturbation of the
identity. In particular, it is hypercyclic and not chaotic; see [17, Proposition 6.1]. The fact
that T3 satisfies the hypercyclicity criterion follows from the fact that S3 does [16, Propo-
sition 4.3] and the hypercyclicity comparison principle [17, Lemma 2.1]. So T3 belongs to
classes (3.i), (3.ii.c), and (3.iii). The fact that T1 is cyclic (respectively, T2 is supercyclic)
follows from the fact that S1 (respectively, S2) is [20, Corollary 2.9] and the hypercyclicity
comparison principle. In fact, x1 is a cyclic vector for T1, by (i). To see that T1 is not su-
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For any given x in X,
Φ
(
T n1 x
)=


(〈x,f1〉, 〈x,f2〉) if n= 0,(
0, 12 〈x,f1〉〈x2, f2〉
)
if n= 1,
(0,0) if n 2.
That is, Φ{λT n1 x: n 0, λ ∈K} is contained in the union of two lines in K2 and hence is
not dense in K2. So T1 is not supercyclic. Also, T2 is not hypercyclic for it is compact [3,
Proposition 8]. That is, T1 and T2 belong to classes (3.ii.a) and (3.ii.b), respectively. Finally,
the non-emptiness of the classes in (4) was shown in [5,21]. The proof of Corollary 6 is
now complete. ✷
We consider now the problem of approximating operators on a Hilbert space by chaotic
ones, with respect to the operator norm.
Theorem 9. If H is a separable complex Hilbert space of infinite dimension, then every
operator in L(H) is a sum of two operators in the norm closure of the chaotic operators.
Proof. By a result of Herrero [14, Proposition 4], the chaotic operators are norm dense in
the set of hypercyclic operators. Hence it suffices to prove that every operator in L(H) is a
sum of two operators in the norm closure of the hypercyclic operators.
Note that every operator T in L(H) is a sum of two operators, say A and B , in the norm
closure of the nilpotent operators; see [12, Theorem 5.15]. Hence, if we let I denote the
identity operator, then we can write T =A+B = (I +A)+ (B − I). To finish the proof,
we now show that I + A is in the norm closure of the hypercyclic operators, and one can
check that the same argument applies to B − I too.
Being in the norm closure of the nilpotent operators, A satisfies the following three
conditions:
(1) The spectrum of A is connected and contains the origin;
(2) The essential spectrum of A is connected and contains the origin;
(3) For all α in the semi-Fredholm domain of A, the index ind(αI −A)= 0.
In fact, the above three conditions are necessary and sufficient conditions for an operator
to be in the norm closure of the nilpotent operators; see [12, Theorem 5.1]. Similarly, by a
result of Herrero [13, Theorem 2.1], an operator S in L(H) is in the norm closure of the
hypercyclic operators in L(H) if and only if
(a) The union of the Weyl spectrum of S and the unit circle is connected;
(b) S has no normal eigenvalues; that is, every isolated point of the spectrum of S is in the
essential spectrum of S;
(c) For all α in the semi-Fredholm domain of S, the index ind(αI − S) is non-negative.
We let S := I + A and show that S satisfies conditions (a)–(c). Since αI − S =
(α − 1)I −A, obviously S satisfies condition (c).
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and hence S satisfies condition (b). By Schechter’s theorem [6, p. 49], the Weyl spectrum
of S is the union of the essential spectrum of S and the set {α: S − αI is Fredholm with
ind(S − αI) non-zero}. However, the previous set is empty, by condition (3). Note that the
essential spectrum of S is the set of all complex scalars α such that αI −S is not Fredholm,
and so the essential spectrum of S is the translation of the essential spectrum of A by 1.
Hence condition (2) implies that the essential spectrum of S is connected and contains the
point 1. So S satisfies condition (a). ✷
In 1994, Wu [22] proved that every operator in L(H) can be written as a sum of two
cyclic operators. In view of Theorem 9, it is natural to ask:
Problem 10. Is every operator in L(H) a sum of two chaotic operators? We do not even
know whether every operator in L(H) can be written as a sum of two hypercyclic operators.
Note. The referee has pointed out to us that a remarkable forthcoming paper by Grivaux
has settled Problem 10 in the affirmative [9].
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